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Abstract

Open Access

The non-zero unique integral solutions of the Quintic Diophantine equation with
five unknowns, expressed as P-4 =% -%) cqn be obtained by applying the linear

transformations P=9+¥ G=U—¥. gn] m=tu-v &ev+8 [ikewise, additional
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changes can yield several non-zero integer solutions, resulting in multiple integral
solutions to the problem. Numerous remarkable relationships between the responses

and a few distinct numbers are displayed.
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Introduction

An important area of mathematics is the theory of
Diophantine equations, a centuries-old subject that
usually entails solving polynomial equations in
two or more variables or a system of polynomial
equations with more unknowns than equations in
integers. Diophantine equations deserve special
appreciation since they have captivated and motivated
mathematicians and enthusiasts alike.

The Diophantine equation’s variety [1-4]
provides an infinite area of study. A comprehensive
list of different quintic equation problems with five
unknowns may be found in [4 & 5]. Five-unknown
quintic equations are examined in [6—10]. Finding

the integer solutions to another intriguing quintic
Diophantine equation with five unknowns.

A Quintic equation is a polynomial equation of
degree five, meaning the highest power of the
variable is five. In this correspondence, the non-
homogeneous Quintic condition #*~4*=84F —m*}?
with five unknowns addressed by the condition is
thought of specifically a couple of fascinating
relations among the arrangements are introduced.

Method of Analysis
The non-homogenous
consideration as follows:

ot —q* AP e

quintic equation under

(1)

293

www.bodhijournals.com



4~ Bodhi International Journal of
@) Research in Humanities, Arts and Science

Vol.9 No.3 July 2025
E-ISSN: 2456-5571

Pattern I:
Introducing the linear transformations
p=u+v,g=u—v; [=2u-vund m=Du—v{g+v0) )
in (1) leads to
ol oo €)
Assume S-c&d-a 8 4)
where a and b are non-zero distinct integers.

Choice 1: Write 82 as #-+ie—z)
in (3) becomes, u+uw=+ja+isy

we obtain a system of equations that allows
us to separately analyze the real and imaginary

components
a=9a" —27ab —a*b+H*
v=a’ —3at? + Xith -7

Employing the values of # and v in (2) we get
p=plo.B)=107 — 30 + 2Mab— B
g=g(o.b)=%" 2405 300’5 +105°
1 =I{a,B}=19* —5Tab® + 21— T
pr=mig,b}=170" —5lab® —33"b + 105
o=cla,b}=a + 5

Properties
. plal)rgla))-3g] +1, ,+20a0, =MHmad 27}

o ple.D-gla,1}-50, + T,  +29GnD, =Hmod27)
o pla-gle1)-lal}ms)=0
pla,1)-gla,1)- 497 265, —236GnD, = 0{mad21)

o 2.1} pla.}-1455 + 4T, , +45Gr0, = Hood 51}
o Ha))}-mle1)-S0, 97, —20GaD, =0{moi?}

Choice 2: Write 82 as ®+e—g
(3) implies, u+w=tg+afa+sy

Comparing the real and imaginary components,
we get the following system of equations:

u=a —3ab —17a'b+NH

v="0%" —27ab +3a%— 1’

Substituting © and v in (2) we get
p=plab)=10a" —I0ob® —240*h +8°
g=qla.b)=—8a + Hab® 30?5 +105°
i =1{p,B)}=11a" —3%ab? — 51a*b-+ 1707
m=mig,b)=—7 +21ab — 57a%b+19%°
o=olo b=+

Properties
o pla.+gla.1}-4g7 + 26, , +176e0, =0fmod 1)
o plaDgla, D ie )+ miz,1}-350, + 23, , +2T, , + 16600, =0 (mod27)

o 2pL1)+q(1)-200)=p(.1}-3m(1,1)

o a.l+mf)-p0.1) is a cubical integer.

The following are perfect squares.
i aimi)-p0)—2(01)
ii. mll.1)- p.1)- 2.1}~ 590,14+ 0.1}
i, PLUaeln-40Dem0.)

Pattern II

We can write (3) as u® +¥ =826%+1

Let o=a® +&*
i | Bra-8)

Write 1 as ¥ %)
Using (4) and (5) in (3) and proceeding as above,

the corresponding integer solutions to (1) are given

below:
p=pla)=—504 +15045° — 48004 B+ 16008°
g=qla,b)=—16004° +4BHAF +1304°F— 505°
1=I{o,B}=—8754 + 262548 — F1294* B+ 29758°
m=mig, B)=—24258 + TITIAR — 2179438 + 1258°
o=olo B}=254% + 258°

Properties
. 33p{a,1)—q{a.1)—1{a, 1) 10507 + T357TT, , +37925Gh0, = 0{mod10950}
. iz, 1)-mla,1H-ofa,1}- 41250, - 2357, , — 899G, = 0fmodlA5)
o mlal)-ST, 106D, =0fmodis)
el 1} g{la)~ p1,1) 1007 955, , ~19356Ge0, =0fmod 6550}

2[pla. 1+ gla, 1] = mla,1)+i(s.1)

LD plIP L. .
10 is a Disarium number is of second

order 89.

Pattern III
We can write (3) as a® +v =226” +1
Write I=W in (3)

r)= B2 gy oy

Comparing the real and imaginary components
on both sides of the equation, leading to further
simplification and solution of the problem.

w105 17108+ 30005 + 7]

v= %[5?.:' —3000%b—171ab +10%°]

. p=—TT7AA —B112008 + 2332045 + YA’
g—TH0404 + ISR+ B11204F — T

1=—251814" —1100194* B + 7554348 + I66738°
m=—444470 —55T1A B+ 1334145 +18598°

o=169p" +160g*
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Properties

o AL B+ y(L B)] - (L B)+ Wil BY] =1

o MLE)+p(lB)-16500, —609 7T, , + 2425800, =0(mod2172)

o ¥LB)+3887SG, — 21156T, —11F;, —57324Gna, = (modd976)

o WLB)-46IRD, — 65 — BT, T, , — 47329k, =0(mad3340

Conclusion
In this study, we have attempted to solve the non-
homogeneous quintic equation with five unknowns,
aiming to establish the existence of an infinitely
large number of non-zero, distinct integer solutions.
Our approach highlights a constructive method
that can generate such solutions systematically,
demonstrating the richness of the solution space
for this class of Diophantine equations. The
analysis underscores the complexity and potential
of higher-degree equations in multiple variables,
offering a new perspective on their solvability.
Building on these findings, future investigations
can focus on exploring broader families of higher-
degree Diophantine equations
variables.

involving more

Techniques such as  parametric
representations, transformation of variables, and
the use of computational number theory tools can
be instrumental in identifying new infinite solution
sets. This direction not only contributes to the
understanding of quintic forms but also opens new
paths for solving complex equations in number

theory and algebraic structures.
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